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ABSTRACT

A mixture experiment involves mixing various proportions of two or more components to make different
compositions of an end product. The methods of analysis of experiments with mixtures seem to be relevant and useful in
many areas of agricultural experiment and industrial experiment. The purpose of present study is to analyze the mixture

experiments in the presence of block effects by considering linear and quadratic response models.
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INTRODUCTION

In experiments dealing with mixtures, the chandsties (response) studied depends on the relatioportion of

ingredients forming mixture, and the proportionscoimponents will be considered as mixture varialsled will be

denoted bX,,1 =1,2,......K.

k
These proportionsX; 's) satisfy the restrictionX; = O, s for i=1, 2,....k andZ:Xi =1.
i=1
The design of mixture experiments has been extelysused in agricultural and industrial experinger8ome of
the situations in which these designs could be mtdgeously used are: split application of fertilizeintercropping
experiments where the interest of the experimeistdo find best crop mixtures, sensory evaluatiapegiments for
making the agricultural and animal products, prepan of fertilizers, insecticides/pesticides mnasi for optimum

response, feeding trials in the animal nutritioexgderiment.

Scheffe (1958, 1963) was the first to introducedbecept of mixture experiments and their analylie work of
Scheffe was extended by Gorman and Hinman (1962)pé» and Lawrance (1965, 1965) and Becker (19&Mbrakis
(1968, 1969) constructed designs in which all thegonents of a mixture were present. Murty and (R868) considered
symmetric simplex design in respect of mixture eipents. According to Box and Hunter (1957), one thé
requirements of any response surface is that iildhend itself to blocking. Nigam (1970, 1976) addrthy and Murty
(1992) considered the blocking of designs for nrxtexperiments. The objective of the present papéo review the
works of Murty (1966), Nigam (1970,1976) and Mur#nyd Murty (1992) on blocking in mixture experimentith a view
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16 Khaidem Shuranjoy Singh & N. Sanajacba Singh

to assess and extend existing knowledge on bloatamglitions. For this purpose, analysis of mixterperiments in the

presence of block effect is performed consideringdr and quadratic response models.

ANALYSIS OF MIXTURE EXPERIMENTS IN PRESENCE OF BLOC K EFFECTS

Linear Model

Let us suppose that there are n mixtures distribirteb blocks havingn,, (W =1,2,....D)nixtures in the W

b
block such that Y n, =N, and a linear model,
w=1
Yu:B1X1u+B2X2u+ -------- +Bkau+Flzlu+F222u+---+rb2bu+eu 0‘--1

Is used to approximate the response Y where u 3, 2....... n and Yu is the observed responseeat! point,

Xi(i =1,2,....@ is the " mixture variable,.

i Is the regression coefficient of Y o), [yis the effect of the W

block.
Zw =1, if u™ point belongs % block
= 0, otherwise.

e, is the experimental error with mean zero and vaﬂamz (unknown)

Following is the set of n observational equation

Y1=B Xt B, Xort e B X+t TZu+ToZat ..+ ToZoite, O
Y2=B X2t By Xaot e B Xie Tt T1Z12+ T2Z20% ... ¥ T Zn2 H €,

Y3=B Xzt By Xogt e B Xzt T1Z13+ T2Z23F ... 7 T Znst €, > (1.2)

and its corresponding matrix notation is
Y =XB+ZI'+e 1.3)

Where
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Y1 el I
Yo e2 I
| | O |
Y wa = [ Cnx1 — [ Y wa = 0
O O O
_Yn L en_| | I'n
_X11 Xogeeeeee X1 ] _le Logieenenn o1 ]
X2 XozeewwenXk2 12 Z22eennnes 12
US| i, ANd  Zp = cevererneennneriienieans
nxk
Xin XoneeooXkn | | Zin ZoneoZon |

The corresponding normal equation for estimatimgghrameters are obtained from

X1'X1 X, Z B _ XllY
zZ'Y

1

Zx, zz |If
or Xy Xf+X, Zl =X, Y (1.4)
ZX, p+zZF=2'Y (1.5)

If X, Zlﬁ = 0, the regression parameters can be estimatéghbying the block effects. In this sense, it nay

I

regarded as an orthogonal blocking. Now we conglierarious situations under whick, ZI' =0

1 WhenX,Z=0
kxb kxb

Then Z X, is a null matrix of ordebx Kk and under this situation

bxk
p=(x: x.) X, Y @)
[= (z’z)_lZ'Y (1.7)
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i.e., both the set of parameters are estimablgigring the other set of parameters and covaribatgeen them

is also zero i.e.,Cov(ﬁ,f): 0. Thus orthogonality can be achieved. But intomx experimentsX;, = Oand hence

X, Z # 0 and orthogonal blocking such that

ﬁ = (Xl' Xl)_lx1'Y

Cannot be achieved. Further, we consider the pitigsibf estimating one set of parameters ignorthg other

and Cov(ﬁ,f):o
i.e. ﬁ = ()(1' )(l)_le'Y , and Cov(ﬁ,f): 0
2. WhenX,Z=aE

~ b ~
WhereE,, is a kxb matrix each of whose elements is unity ‘ahis a constant, an@E,, [ =0 i.e. Z r,=o0

w=1
, then
ﬁ = (le Xl)_lxl'Y (1.8)
~ 1 ] , = J
f=(z2) [z’v -Z%, (% %) X, Y} (1.9)
and Co A,f): 0 (1.10)

Blocking designs satisfying the blocking condition

X, Z=akE,,
ie, > X, =a for all i=1,2,......... kand w=1,2,.......... b
uCw
Have been constructed by Nigum (1970) and Murthy lshurty (1992) for the case#n,=.... = n i.e., for the

block of equal size. It is obvious that the blogktondition inu =afor any i and w cannot be satisfied by blocks of
uCw

unequal size. In this case, we can only expectEaX W= ay,
uOw

3. When
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- - TR a,
' - - TSR a,

O] DR
&) 8y, g |

We can write

uOw uOw
o, Y (X X F et X, ) =ka
uOw
or 212 ka,,
uOw
or ka, =n,,
Thus,
N Ny, n, |
(01O PO n,
! 1
XiZ=—] s
k
[Ny Ny n

b
Under the restrictiory, n, I",, =0 and blocking c:onditionZX1u =a
w=1

uOw

~ , 1
B =(X1 X1) X, Y

iy (Z'Z)'l[Z'Y 2%, (x/ xl)_leIY}

and Cov(lg,f)= 0

19

=Nw
k

W

(1.11)

(1.12)

Designs satisfying the above blocking condition@residered by Nigam (1976)

4, When
Qg Bogerrrneneennninnn a,,
’ Ay Apprreereeennnnnnnns a,
X1 L= s
2 = R A
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The following k restriction is required to have @thogonal blocking
b

>a,l, =0, i=1,2,..cee K

w=1

But this is not justified, because of the rankha tatrix

I

X1 Xy X, Z| . . . o
, is (k+b-1) as has been discussed below. Theredotiepgonal blocking is not possible in this
ZX, 727

case.

Finally, we arrived at the conclusion that for thiecking of mixture experiments with a linear mhdene

blocking condition (restriction on the mixture \ales) inu =a, and one blocking restriction on the parameters

b
>.a,I', =0 is essential. This result holds for all mixturesiges not only for symmetric simplex design.
w=1

Blocking condition

leu =aw :TW

uCw
Xy _1 . . . . . .
Or, Z— =— can be achieved by a suitable arrangement ofjgmiints within blocks. Finally, it
uw nw k
remains to decide whether we are justified in asllsgmz nWFW =0 or not. This can be answered by finding out the
rank of the matrix
X'X X'z
Z'X 727
If its rank is full i.e., (k+b), then no restrioti is a restriction on the parameters. Because amaat have a
solution which satisfies (1.4), (1.5) and the inmgubgestriction simultaneously. On the other haridthis rank is
(k+b-h) then h restrictions are required to haws@ue solution and we are quite justified in impgsthe h restrictions
but more than h restrictions. In the present cmesum of the last ‘b’ rows is equal to the sunthef first ‘k’ rows and
therefore the matrix is singular and its rank ssléhan (k+b). The first ‘k’ rows are independemd ¢he late ‘b’ rows also

form an independent set. So, by virtue of the faat the sum of the two sets of rows is equal. fEmk of the matrix is

(k+b-1). Therefore, only one restriction on thegraeters is required to obtain their estimates.
Quadratic Model
Let us approximate the response Y by the quadnadidel
k k b
Y, =D BX D) B XX+ Z,. T, te, =12, n) (2.1)
i=k i<j=1 w=1
Where the symbols are interpreted as in equatidr) (& section 2.
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The set of n observational equation can be writtenatrix form as

Y =XB+X,0+Z+e (2.2)

WhereY ,X,,p,Z,I' and e are the same as defined previously s a matrix of ordernxk. C,

Having the elements of the ty@( uX ju) i.e.

X1 X o1 Ky Xgg v X1 X1
XK 3 XX gpeuenns Xi12X 12

DR O
X1 X g Xy X greoeeenne XX i
B |
Bus
81, = -
_BK—lK_

With this labelling, the normal equations are

X X, X, X, X, Z |[p] [X.Y

X, X, X, X, X,Z||8|=|X,Y

Zx, zx, zz ||T||ZY

or,

X, X B+X, X,8+X, ZT =X, Y 2.3)
X, X B+X, X,0+X,ZI =X, Y (2.4)
ZXP+ZX,8+Z 2T =X, Y (2.5)
If

X, ZI'=0 (2.6)
and X, Z['=0 @2.7)
Then
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I

X, Xy X X, |[B] XY
X, X, X, X, |90 X,Y
~ ' ' -1 '
X, X, X, X X, Y
or | - LT g (2.8)
O] [X, X, X, X, X, Y

X, Zl =0, provide s set of k restrictions on the blpekameters an& , ZT" =0, provides an additional set of

“C, restrictions. By a suitable arrangement of desigints (mixtures) into blocks, the mixture variabem be made to

satisfy certain blocking conditions which reduce th restrictions into one and the otlf€) restrictions into a single
restriction. Various such possibilities are ;

1. When X, Z=aE,,, (2.9)
andX, Z=a,E,_ (2.10)
then equation (2.6) and (2.7) reduces to
~ b ~
aE., =0or,a> T, =0 (2.11)
w=1
~ b ~
and  aE, [ =0or azzrw =0 (2.12)
w=1

Under the blocking conditions (3.8) and (3.9) asdw\nptionZI: =0, the regression parameters are estimable

independently of the block parameters of the Betoation (3.7). Designs satisfying the above @@mts are obtained by
Nigam (1970) and Murty (1992). Equations (3.8) 8rlare known as the blocking conditions of Nigd®70).

PP @
& Ay e a
o4, @ @
oAy e a
2. XiZ =] oo of orderk x b
W, 0 ()]
3,78, a," |

it is noti @ = My
Here it is noticed tha&y,, " = (2.13)
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@ 45 @ @
a,” a,” a
@ 5 @ @
oAt a a
XoZ =i, of orderk~ X b (3.14)
2
@ 5 @ (2
R a,” |

Then equations (3.5) and (3.6) take the form
>a,"r, =0 (2.15)

S'a,@r, =0 (2.16)

O 2 aw,(l) anda,, @ 2 a,, @ , for somew # W' equations (2.13) and (2.14) are the

Whereaw(l) Za, @, a,
modified blocking conditions of Nigam (1976).

Under the above conditions in equations (2.13) éhd4) and assumptions in equations (2.15) and6)2.1

equations (2.3) and (2.4) becomes free from blanlameters and therefore the regression parametarbe estimated

independently of the block effects. But the ranl«(k)fl-k C,+ b)X (k+k C,+ b) matrix

XX, X X, X, Z
X, X, X, X, X,Z|is (k+kC2 + b-l) which reveals that only one restriction can be dsgg.
ZX, ZX, ZZ

Thus, the suggestion of Murthy and Murty (1992)nposing two restrictions on the block parametersat justified. As

a matter of fact, under the modified blocking cdaiodi of Nigam (1976), the assumptioEaW(l)FW =0 (which is

equivalent toz n,Il, =0) is practicable. Under these conditions orthogbiacking is not possible for any mixture

design, including the symmetric simplex design. Téwdity is that in this situation non-orthogon&ddking is possible and
the regression parameters will be estimated byimditing the block effects. The utility of blockimgpnditions is that after

eliminating the block affects with the help of etjoa (2.5) from equations (2.3) and (2.4) the pattef

' 0 ' 0
(%) (x.x.)

r O r O
(XZle (XZXZJ

The adjusted coefficient matrix of regression patars remains the same as that of the matrix
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(
(

xl'xlj (xl'xz)
xz'xl) (xz'xzj
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and hence the estimation procedure remains the.damee again we conclude that orthogonal blockagat

possible here as is suggested by Murthy and Md89%).

3.

and

or,

or,

When
I 1 PP n,
. (TR o PR n,
XiZ :E ............................ of orderk xb
Ny Ny n,
I 1 PO n,
Ny Ny n,
XL,Z=Constant........cccoccvveeernnnnn. of orderk~ *b
2
LIS LPYPP n |
n, . .
D> X, =2, fori=1.2....k and w=1.2,.....b (2.17)
uOw k
D XX, =n,.Constant for ij=1,2.......... kand w=1,2,........b (2.18)

uOw

Then assumption in equations (3.5) and (3.6) rexlinte one assumption as shown below:

b b
%Z n,I, =0 or,> n,I, =0 and
w=1 w=1

b
Constand ' n,,
=1

r,=0 or,zb:nwl“w =0

w=1

Obviously under blocking conditions in equations1{ and (2.18) and the assumptElnwrw =0, the

orthogonality blocking is possible in the same sehgt regression parameters are estimable byirgntre block and the
covariance between the regression parameters anbldck parameters is zero. Design satisfying egosit(2.17) and
(2.18) can be constructed with the use of the #maf5.1) of Murthy and Murty (1992). The final cdusion is that for
orthogonal blocking with the quadratic model thedified blocking conditions of Nigam (1976) havelie modified to
get equations (2.17) and (3.12) orthogonal blockingossible and not under equations (2.13) ant¥j2as is stated by

Impact Factor (JCC): 4.1675
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Murthy and Murty (1992). We also emphasize thathteeking conditions obtained by Nigam (1976) applecable in

general and not only in the case of symmetric stxplesigns as mentioned by Murthy and Murty (199%)e number of

blocking conditions required to simplifying the &sas depends on the model used to approximateesgonse, but the

assumptions regarding the block parameters isriyeame for any model.

COMMENTS AND CONCLUSIONS

VI.

It has been shown that under blocking conditibNigam (1970) orthogonal blocking can be achieywdvided

the blocks are of equal size and the restrictiothefform Z N'w =0 isimposed on the parameters.

Under the assumptiong nwl"w =0, orthogonal blocking can also be achieved whenifieodconditions of

Nigam (1976) are further modified i.e.,

Xm 1 )
When — =T fori=1,2,3, ... , k
uow Nw k
XiuXj
and Y —— =Constant.fori<j=1,2, ........ Kk

uOw

Blocking conditions are unable to remove thiegsilarity of the adjusted coefficient matrix ofethregression
parameters. Under these condition the patterndhefadjusted matrix remain the same as that of thgim
obtained by ignoring the block effects. Therefdahe, procedure for estimating the regression paruseloes not

change and no new complexity arises in the anatigisto blocking.

As simplicity and efficiency of the design go handhand, the blocking conditions make the desifjicient in

comparison to the arbitrary blocking.
The blocking conditions are workable for anyxtare design not only for symmetric simplex design.

It is, in general, true that any parameter, toigeiatment effects in binary design or regressfiact in mixture

experiment, cannot be uniquely estimated in presefdlock effects. In order to have unique, sopsrictions
on the parameters is essential. The implicatiothisfassumption is that, the blocking effEat's and regression

parameters of the typi’s cannot be estimated uniquely, but their conticet be estimated. Regression

parameters of the typ@ij are uniquely estimated.

It is, however, of interest to find that theiesate of Y based on the prediction equation

Y= Z BiXi + 3 ; xixi

Depends upon the assumption on the block parameted should be taken as an estimate of Y for the

circumstances under which the assumption is apjatepr~or example, if it is desired to have anneste under

the condition of experiment represented by an @eetdock effect, the reasonable assumptio@ﬂwrw =0
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and, if the estimate is required for the experimkrbndition of the w" block, the assumption should be
D> rw=0.

VII. One use of mixture experiments is to finduitable optimum combination of the factor componéitr this, the

regression relation which has been estimated thraugixture experiment has to be differentiatedhwétspect to

the component parameter subject to the COhdiEr)(i =1 and equated to zero or some suitable constaaseTh

solutions are functions of contrasts amfing andBi 's as such. The estimates of such optimum comidinatie

not subject to the uncertainty in estimates ofrdggession parameters caused due to the blocking.
VIII. The regression sum of squares and the ewor sf squares are unique.
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